Searching for pseudo-Nambu-Goldstone bosons (pNGBs) in weak-coupling domains is crucial for understanding the dark components in the universe. We propose searching for pNGBs coupled to two photons in the mass range from 0.1 eV to 10 keV. This could provide opportunities to test string-theory-based pNGBs beyond the GUT scale M ∼ 10 16 GeV included in the weak coupling proportional to M −1 . We provide formulae that are applicable to photon-photon scattering via a pNGB resonance exchange with a stimulation process in an asymmetric head-on photon-photon collider by mixing three laser pulses in laboratory experiments. We discuss the quantum electrodynamic effects on the pNGB exchange in the same mass-coupling domain as a background process from the standard model. We find that a large unexplored mass-coupling domain is accessible by combining existing laser facilities, including free-electron lasers.
I. INTRODUCTION
Spontaneous symmetry breaking could be one of the most robust guiding principles for general discussions of dark components in the universe. Whenever a global symmetry is broken, a massless boson may appear as a Nambu-Goldstone boson (NGB). In nature, however, an NGB emerges as a pseudo-NGB (pNGB) with a finite mass. Even if a pNGB is close to being massless, its decay into lighter particles such as photons is kinematically allowed. The neutral pion is such an example of a pNGB via chiral symmetry breaking. The effective interaction Lagrangian is defined as
where we assume a scalar-type field φ for simplicity, and M has the dimension of energy whereas g is a dimensionless constant. There are several theoretical models that predict lowmass pNGBs such as axions [1] , dilatons [2] , and stringtheory-based axion-like particles [3] . However, pinning down the physical mass of a pNGB by means of such models is commonly non-trivial. Therefore, experiments are indispensable for investigating the physical mass as widely as possible in the lower mass range.
We have previously advocated a novel method [4] for stimulating γγ → φ → γγ scattering in a quasi-parallel collision system (QPS) via an s-channel resonant pNGB exchange by utilizing the coherent nature of laser fields. Kinematically, this is analogous to four-wave mixing in matter [5] if the nonlinear atomic process is replaced with the pNGB exchange. A QPS is intended for searching for pNGBs in the sub-eV mass range. Indeed, we have performed two previous laboratory searches [6, 7] based on this approach.
Recently, an unidentified emission line, ω ∼ 3.5 keV, has been reported in the photon energy spectra from a single galaxy and galaxy clusters [8, 9] , and the arguments are still actively ongoing [10] . The possible interpretation of a pNGB decaying into two photons has been discussed [11] . Indeed, string theories predict pNGBs to be homogeneously distributed on a log scale in the mass range possibly up to 10 8 eV [3] . This situation motivates us to try to extend the same method up to 10 keV in general. Given the effective Lagrangian L, we evaluate the sensitivity to γγ → φ → γγ scattering by means of stimulation using coherent X-ray sources. However, we emphasize that the formulae we provide here are nevertheless applicable to a wide mass range from 0.1 eV to 10 keV by combining different types of coherent and incoherent light sources. This mass range is yet to be probed intensively, and thus the proposed approach will open a window through which to explore string-theory-based pNGBs beyond the GUT scale M ∼ 10 16 GeV.
II. FORMULAE FOR STIMULATED ASYMMETRIC PHOTON-PHOTON SCATTERING VIA PNGBS
To distinguish clearly between the photons in the colliding beams and the signal photons whose frequencies have been shifted by the scattering process, we consider an asymmetric collision system (ACS) as illustrated in Fig. 1 . The ACS is obtained by boosting a center-ofmass system (CMS) along the head-on collision axis (z axis) with a speed βc, where c is the speed of light (hence, the Lorentz factor is γ = 1/ 1 − β 2 ). Four-momenta in the ACS are defined as
For later convenience, with an incident photon energy ω in the CMS, we define the incident energies in the ACS as FIG. 1: Asymmetric collision system (ACS) realized in the laboratory frame, interpreted as the result of a Lorentz boost by a relative velocity β of the laboratory frame along the headon collision (z) axis in the center-of-mass system (CMS). All four photons are confined within a common reaction plane, the x-z plane. ω 1 ≡ uω and ω 2 ≡ u −1 ω via the following relationships:
, energy-momentum conservation results in the following relationships:
z-axis:
We have formulated a QPS with a symmetric incident angle ϑ, which is the half angle between two incident photons when a laser beam with the photon energy ω ∼ 1 eV is focused by a lens element. This formulation is also applicable to the CMS. In the coplanar condition whereby the plane determined by p 1 (1) and p 2 (1) coincides with that determined by p 3 (1) and p 4 (1) (where the numbers in parentheses specify the linear polarization states), the Lorentz-invariant scattering amplitude of the scalar-field exchange is expressed as
where the subscript S denotes combinations of linear polarization states of four photons in the initial and final states. The nonzero amplitudes are M 1111 = M 2222 = −M 1122 = −M 2211 where the linearly polarized states (1) and (2) are orthogonal to each other. Since all the squared amplitudes are common, we omit the polarization subscript S below. In the following, the denominator of Eq. (4) is denoted by D. We then introduce the imaginary part due to the resonance state by the following replacement:
where the decay rate Γ is expressed as
for a given mass m [4] . Substituting this into the denominator in Eq. (4) and expanding around m, we obtain
where
Because the scattering amplitude is Lorentz invariant, we have only to consider ϑ = π/2 in the above formulation, corresponding to the CMS, in order to apply it to the ACS with the arbitrary parameter u and u −1 associated with a Lorentz boost along the head-on collision axis in the CMS. In the CMS, Eq. (8) is thus simplified as
From Eqs. (6) and (8), a is also expressed as
which shows explicitly the proportionality to M −2 . The squared amplitude is then expressed as
In the off-resonance case χ ≫ a, equivalent to Eq. (4), |M| 2 is largely suppressed because of the factor a 2 ∝ M −4 for large M . In contrast, in the limit of ω → ω r , |M| 2 → (4π) 2 is expected from Eq. (11). In principle, this is independent of how small a ∝ M −2 is. Physically, however, it is difficult to satisfy χ = 0 exactly in the case of an extremely small a because Γ becomes so narrow. A CMS energy uncertainty is caused by momentum (angle) and energy uncertainties originating from the spatial and temporal localizations of the laser fields by the focusing and shortening pulses, respectively. This uncertainty due to the wavy aspect of a photon is unavoidable, even at the level of a pair of photons in principle. For a given uncertainty χ ± ≡ ±ηa with η ≫ 1, we still can expect an enhancement from the averaged effect [12] over the uncertainty as follows:
where the approximation is applied to the situation η ≫ 1. By introducing a beam-energy uncertainty ∆ω resulting in a bandwidth ω ± ≡ m/2 ± ∆ω in the CMS with respect to the resonance condition ω = m/2, the uncertainty in χ in the CMS is expressed as
where ∆ω 2 ≪ m∆ω is assumed in the above approximation. Therefore, with Eqs. (6) and (9), the average of the squared scattering amplitude is approximated as
Compared to the off-resonant case
. This is one of the two most promising features of our approach. We note that the uncertainty of the CMS energy is related to the beamenergy uncertainties δω 1 and δω 2 in the ACS (laboratory frame) as follows:
where in the last step we assume that an experiment tunes the beam energies so that they satisfy 2 √ ω 1 ω 2 = m with a common relative energy uncertainty R ≡ δω i /ω i for i = 1, 2. By substituting Eq. (15) into Eq. (14), we eventually express the mass and coupling dependence of the squared scattering amplitude for a given relativebeam-energy uncertainty R as
We then parametrize the differential cross section dσ ngb [6] for a pNGB exchange in the ACS (laboratory frame) as
where (18) and the relative velocity K is defined as [13] 
, we can express the differential cross section as a function of the solid angle dΩ 3 of signal photon energy ω 3 as follows:
with
which is a result of energy-momentum conservation.
In what follows, for simplicity, we assume perfect energy resolution of signal photon ω 3 so that we can discuss the momentum range of p 3 based only on the angular spread of p 3 from θ 3 to θ 3 on the reaction plane and ∆φ 3 ≡ φ 3 − φ 3 in the perpendicular direction with respect to the reaction plane in the ACS (see Fig. 2 ). We
Collision geometry between three pulsed photon beams. Creation photon pulses p1 and p2 collide head-on at the origin of the xyz-coordinates and a coherent laser pulse p4 to stimulate the scattering is simultaneously focused into the origin. As a result of the stimulated γγ → γγ scattering, signal photons p3 are produced on the same reaction plane. The solid angle of p3 enhanced by the inducing beam p4 is related to the angular spread of p4 via energy-momentum conservation. This relationship gives the rotation angle ∆φ3 of the reaction plane around the z-axis.
now express the partially integrated cross sectionσ ngb over dΩ 3 in the ACS as follows:
where Eqs. (21) and (16) are substituted, and we introduce
As shown in the last step of Eq. (22),σ ngb eventually becomes independent of mass because the beam energies in the ACS are tuned so that ω = m/2 is satisfied in the corresponding CMS.
The second important feature of our approach is to induce a specific two-photon final state by supplying an additional coherent field with a different wavelength ω 4 from any of ω 1 , ω 2 , or ω 3 . Simultaneously, the momentum of the induction field p 4 must coincide with that of one of the two photons in the final state. Therefore, the stimulated range of the signal photon p 3 is determined by the momentum range of the inducing coherent photons p 4 after all. For simplicity, we assume that the momentum spread of p 4 is dominated by the angular spread of p 4 due to the short focal length of a lens element by neglecting the intrinsic energy spread of ω 4 . In this case,
where ω 4 ≡ vω and ∆θ 4 ∼ 1/(2F 4 ) by assuming that the p 4 beam is focused with the f-number F 4 as illustrated in Fig. 2 . Figure 2 depicts 
where i runs from 1 to 3, and the first factor corresponds to time integrated beam luminosity with the dimension of 1/L 2 with length unit L. We then express the induction effect by convoluting the probability distribution function of an induction field P 4 as follows:
where ρ k indicates a normalized density distribution over an infinite space-time range for creation beams k = 1, 2 and the induction beam k = 4 by assuming pulsed Gaussian beams with the number of photons contained in individual pulses, N 1 , N 2 , and N 4 , as defined explicitly in the following. The factor G is the integrated geometrical overlap factor. At a space point x i for a given common time t in the ACS, the squared field strength of a Gaussian laser pulse can be parametrized as [14] I(x, y, z = ct) = E 
where E 0 is the electric field and E 2 0 is proportional to the number of photons N in a pulse, τ is the pulse duration time, and the beam radius w(ct) = w 0 1 + (ct/Z R ) 2 is given for wavelength λ, beam waist w 0 = 2F λ/π, and Rayleigh length Z R = πw 2 0 /λ. The volume for the normalization is thus obtained as
Based on the three-beam arrangement in the identical reaction plane in Fig .2 , the normalized densities ρ k = I k /V k are defined as follows:
where X ≡ sin(π + θ 4 )x + cos(π + θ 4 )z and Z ≡ cos(π + θ 4 )x−sin(π+θ 4 )z are introduced for the rotated incidence of the coherent induction field with respect to the headon collision axis of the ACS. The geometrical overlap factor integrated over the longest pulse duration τ L among the three pulses whose central positions are all at the origin at t = 0 is then expressed as
where for simplicity we assume that experiments introduce τ = τ 1 = τ 2 with
Because the total number Y of detected signal photons is described as Y = f T ǫY i with collision repetition rate f [Hz], data accumulation time T [s], and detection efficiency ǫ, a reachable coupling strength is finally expressed as
from Eqs. (22) and (27). We note that g/M has m
III. SENSITIVITY AND QED BACKGROUND
The three dashed lines in Fig. 3 [16] , where all details are explained. A natural constraint that the lifetime of dark matter is equal to the age of the universe at the shortest is expressed as the dash-dotted line. The three dashed lines show accessible coupling limits with N k = 10 10 , 10 15 , 10 20 common for k = 1, 2, 4, respectively based on Eq. (32) for the common parameter set in Table I . This figure shows the domain in which the QED process dominates the cross section of a pNGB exchange observed by the same method. The boundary line of the gray translucent area shows m-g/M , at whichσ ngb =σ qed is satisfied. k = 1, 2, 4, respectively based on Eq. (32) in the range 0.1 eV to 10 keV. The experimentally excluded and theoretically expected domains of the mass-coupling relationship are imported from Ref. [16] , where all details are explained. For this figure, the set of parameters summarized in Table I is assumed, where the parameters in the upper rows can be commonly used for any ω = m/2. We note here that a long f-number F is assumed deliberately, thereby guaranteeing that the CMS energy does not fluctuate because of the uncertainty in the incident angles but rather because of the energy spread of the creation beams. This allows the use of nearly parallel incoherent creation pulses, for instance, those generated by laser-electron Compton scattering, as we discussed in all-optical-based γ-γ scattering [18] . As an example of ω, we show concrete energies and scattering angles in the second set of rows if we aim at m = 7 keV in order to test the possibility of pNGB exchange to explain the excess [8] .
Above the keV range, we must take photon-photon scattering based on quantum electrodynamics (QED) into account as a background source from the standard model. Probing QED-based photon-photon scattering via four-wave mixing has been proposed in Ref. [17] . These calculations are based on the Euler-Heisenberg effective Lagrangian and the signal yield is evaluated within a classical wave picture. The formulation we provide here is based on the particle picture of colliding photons and thus allows us to simply plug the partially integrated cross section,σ qed , for the QED box diagram into Eq. (27), which has been applied toσ ngb on the same footing. The differential cross section of the elastic QED scattering process [15] with respect to scattering angles in the ACS is expressed as
1 + 160 139
with α = 1/137 and r 0 = 2.8 × 10 −13 cm. This corresponds to the unpolarized case that is comparable to the s-channel scalar-pNGB exchange with S = 1111 discussed here, because the S = 1111 cross section eventually coincides with that of the unpolarized photonphoton scattering. Since the solid angle and the effect of the induction laser field are common to both the pNGB exchange and the QED process, we have only to plug the partially integrated QED cross section into Eq. (27) in order to get the QED-based scattering yield. The boundary line of the gray translucent area in Fig.3 shows m-g/M , at whichσ ngb =σ qed is satisfied. This equi-cross-section line intersects with the constraint from a natural requirement that the life time of a pNGB is equal to the age of the universe [3] at around (m, g/M ) = (2 keV, 10 −11 GeV −1 ). Although the QED cross section exceeds the pNGB cross section consistent with a natural dark matter candidate (dash-dotted line) at m=7 keV, the search window of m < 2 keV is still wide-open with relatively low QED background levels.
IV. LIGHT SOURCES
There are already several short-pulsed coherent/incoherent light sources that cover the range 0.1 eV to 10 keV. In the 1-10 keV range, free-electron lasers are already available. For instance, an X-ray free-electron laser (XFEL), SACLA [19] , can provide N k ∼ 10 11 at f = 60 Hz in that energy range with an undulator length of 90 m. Although introducing three long XFEL lines would likely be difficult from a practical point of view, incoherent photon-photon collisions for only the creation part combined with an XFEL for the stimulation part would be the least time-consuming approach. This is because incoherent light sources can be attainable using relatively compact all-optical laser systems [18] . In addition, such a longscale undulator might be drastically shortened by future developments in compact coherent X-ray sources, such as a graphene-based undulator [21] . In the 10 eV-1 keV range, the generation of higher harmonics by shooting high-intensity laser pulses into material targets could be useful [20] . In the 0.1-10 eV range, variable-wavelength lasers based on optical parametric amplification are available as commercial products. State-of-the-art laser facilities such as the Extreme Light Infrastructure [22] can reach numbers of optical coherent photons per pulse beyond N k ∼ 10 20 with τ L ∼ 10 fs. These facilities can generate multi-wavelength laser fields up to the keV range with high intensity by combining several of the methods mentioned above.
V. CONCLUSION
We formulated a stimulated photon-photon scattering process via an s-channel pNGB exchange in an asymmetric head-on collision system that would be applicable to the mass range of 0.1 eV to 10 keV. Above m = 2 keV, we found that the QED photon-photon scattering cross section dominates that of a pNGB exchange whose lifetime is consistent with the age of the universe. Especially in the 0.1-100 eV range, the domain with g/M < 10 −12 GeV −1
has not been tested against any observations to date. Therefore, the proposed method could provide a wide search window onto an unexplored valley in the sensitivity curve with relatively suppressed QED background levels. The sensitivity could eventually reach the domain beyond the GUT scale M ∼ 10 16 GeV, hence, our proposal could provide opportunities to test string-theorybased models [23] .
It would be valuable for future experiments to tune the beam energy and intensity so that the expected sensitivity could reach the equi-cross-section line. Confirmation of the QED process is firstly important to guarantee that the experiment is indeed performing properly. Once the QED scattering has been confirmed, it would be interesting to test whether interference exists between the pNGB exchange and the QED process, for example, by looking at the angular distribution of the signal photons by changing the incident angle of the induction laser beam and also the dependence on the combination of linear polarization states. By repeating this test over four orders of magnitude in the CMS energies, if we were to see a statistically significant deviation from the QED prediction in a particular mass range, we could reduce the laser intensity at which the QED effect becomes insignificant. If we still see the scattering phenomenon, we would be able to claim that something dark is exchanged in the photon-photon scattering process.
